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Exponential Function And Exponential Series

Let x be a real number and e be the base of a natural
logarithm, then the series expansion of exponential function

of x i.e e* can be expressed as,
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Note:-

L

2.

Here value ofje = 2.718
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Exponential Function of Complex Number

Let z = x + iy be a complex number, then the series expansion of
exponential function of complex number Z i.e e can be written as,
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And the Exponential function e of the complex number z = x + iy,
where x and y are real numbers, is defined as

e? = eX* = ¥ . e = e*(cos y + isin y)

i.e et = e*(cosy + isiny)



Note:-

By Euler's Theorem, ' = cos y + isin y




Circular Functions of Complex Numbers

The basic fact is that, sin x,cos x and tan x etc. are
trigonometric functions only when x is a real quantity.
In the case when x is replaced by a complex quantity, z then
they are known as circular functions.
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Definition:-
For all real values of x, we know that

e = cos x + isin x j@

e X = cos x — isin x

Adding and subtracting (1) and (2), we get

elX+e—ix . elx—e—lx
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Which are called Euler’s exponential values of sin x and cos x.

If(z = x + iy Jbe a complex number, then circular functions
cos z and\sin z are defined as follows
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Now by above these two circular functions, we can also
defined other circular functions.

sin z elZ g~z
tan Z = —
cos z i(eiz+e~iz)
cos z i(e'%+e 2
cot z=——= (: = )
sin Z  (eiz—e—iz)
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sec Z = = — .
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Expansion of cosz and sinz

We know that
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Now replace z by iz, then we get
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Adding (i) and (ii), we get @ ( Evan e w)-‘r')
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Again subtracting (ii) from (i), we get
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Note:-
tan z=z+% +225+ o
= 3 15




De Moivre's Theorem

If & be complex and n be any integer, positive or negative,
then by Euler's Theroem, we have

cos 0 + isin § = e} & e Jaer?
= (cos 0 + isin )" = e¢'™? / =

= Cc0oS nB + isin néb

Hence (cos 0 + isin 0)" = cos n0O + isin no
This result is true for all values of 0, real or complex.




Periodicity of Circular Functions

1 sin z and cos z are periodic functions with period@

#

2 cosec z and sec z are also periodic functions with period

3 tan z and cot z are periodic functions with period@




Hyperbolic Functions
Let @ be a real or complex number, then we define
hyperbolic sine and cosine as follows
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sinh 6 = -

which is read as hyperbolic sine 6
e ()

And cosh 8 = £ +;_

known as hyperbolic cosine 6
Similarly, we can define other hyperbolic functions as

follows:-
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= he_sinhﬁi__e — e
M= Cosh 8 e +e?
cosh® e?+e?
h —. —
Eoth 6 sinh @ e?—e"?
h 9= 1 = 2
oS T = Sinh 8 €9 —e9
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sech 6 =

cosh @ e? +e"?




Note:-

1cosh 6 + sinh @ = e°
2cosh @ — sinh 8 = e~ ?
3sinh 0 =0,cosh 0=1,tanh 0=0



Expansions of sinh 6 and cosh 6 in powers of 6
As we know that,

sinh 8 = %[ee — e Y]
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Similarly,
i -0
cosh 6 =~ le + e~ ?]

[(1+9+92—T+§—T+---oo)+(1—9+92—T—§—T+---oo)]

_1
2
4 36

cosh9=1+2+24+21 .
= 21 ' 41 ' 6



Periodicity of Hyperbolic Functions

As we know that,
sinh 0 = _[e® — 7]
 sinh (8 + 2nmi) = ; [ef+2n7l — g=(O+2n7D] p ¢ Z

& [e an -9 _ e—Znni]

=E[e — e 9]=Slnh9

[ el — cos 2nm + isin 2nmr = 1
e inml — cos 2nm — isin 2nm =1



Thus, sinh 6 remains unchanged when 6 is increased by
any multiple of 2.

Hence sinh z is a periodic function with period 2.
Similarly, we can say that

1. cosh z is a periodic function with period 2mi.

2. cosech z and sech z are also periodic functions with
period 2.

3. tanh z and coth z are periodic functions with period .



Relation between Circular Functions and

Hyperbolic Functions
We know that

] eiﬂ_e—iﬂ
sin 6 = :
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Thus sin (ix) = isinh x
Similarly,
i 4 p—if
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cos 0 =

i2x+e—i2x
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s~ €oS (ix) =
e *+e*

2

eX+e X
= = cosh x

Thus cos (ix) = cosh x

[ Put 6 = ix]




Simlarly,

..~ _ Ssin(ix)  isinhx .
) __cos(ix) _coshx .
cot (ix) = sin (ix)  isinh x e
- 1 1
sec (ix) = cos (ix) coshx REED. X
1 -
= = —icosech x

cosec ("x) — sin (Ex) = isinh x



Note:-

1. sinh (ix) = isin x
2. cosh (ix) = cos x
3. tanh (ix) = itan x



